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The Conceptual Model
In coastal areas groundwater quality may be degraded by intrusion of salt sea
water into freshwater aquifers. The salinity of the groundwater changes its physical properties: an increase in salinity increases both the density and viscosity
of the groundwater. These density differences are the primary driving force that
allows salt water to move into the coastal aquifer, forming a salt water “wedge”
underneath the freshwater that moves toward the sea. Viscosity differences play
only a minor role in this process, see e.g. Haitjema (1991), and will be ignored.
Under steady state conditions the salt water will be stationary, while the
freshwater will move. Under these circumstances it was found that the mixing
zone between freshwater and salt water tends to be rather thin; the brackish
water is being flushed away to the sea, e.g. Verruijt (1971). Assuming an abrupt
interface its position may be estimated using the “Badon Ghyben Herzberg”
principle (Badon Ghyben, 1888 and Herzberg, 1901). This principle states that
the depth d of the interface below sea level is:
d=

Gf
h
G s − Gf

(1)

where Gf and Gs are the specific gravity of freshwater and salt water, respectively, and where h is the elevation of the freshwater table above sea level. Note:
Carlston (1963) pointed out that this principle was stated earlier by Du Commun
(1828), see also Strack (1989). Strack (1976, 1989) presents a discharge potential
formulation for interface flow under both confined and unconfined groundwater
flow conditions. This potential function has been adopted for inclusion of steady
state interface flow in GFLOW.

The practical meaning of a steady state interface
Potentiometric head distributions and associated flow patterns may quickly adjust to changing boundary conditions, within hours in transmissive confined
aquifers and within a few months in low transmissive unconfined aquifers. However, a freshwater and saltwater interface moves with a velocity that is in the
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order of the average groundwater velocity, if it moves at all. Consequently,
changes in salt water intrusion may require decades or even centuries to fully
materialize. This should be kept in mind when generating interface positions
in response to increases in pumping in coastal areas. The steady state solution
indicates if the pumping can be sustained without ever inviting saltwater into
the area of the well. The steady state interface position, therefore, may appear
unacceptable, but may not be realized in the near future. GFLOW is useful
as a screening tool to identify the conditions for which proposed groundwater
withdrawals can be sustained without salt water intrusion to reach the well
or wellfield. In case a GFLOW solution demonstrates that a well or wellfield
will ultimately become saline, a transient density flow model will be needed to
predict how soon that would happen.

Entering Interface Flow in GFLOW
All that is needed for the introduction of interface flow is the definition of the
freshwater and salt water specific gravity and the average elevation of the sea
level in the area of the model. The specific gravity G of a fluid is defined as:
G=

ρ
ρ0

(2)

where ρ is the density [kg/m3 ] of the fluid and where ρ0 is the density of pure
water at 4 degrees Celsius. The specific gravity for freshwater, therefore, is close
to 1 (Gf ' 1). The specific gravity for salt water is slightly higher, for instance
Gs ' 1.035. The specific gravity, of course, is dimensionless. The average sea
level hs is usually close to the mean sea level used as a datum for potentiometric
heads, hence hs ' 0.
By selecting the box in front of “Add a Saltwater Interface”
(Model>Settings>Aquifer) the input of the two specific gravities and average
sea level are enabled, see Figure 1. The GUI will write a command line with
”interface Gf Gs hs ” in the input file for the Solver. The Solver will respond
to that command by invoking the discharge potentials for interface flow, see
the section “Implementation Details” and Strack (1989) section 10 on pages 96
through 112. Observe in Figure 1 that the Base Elevation is negative, which
indicates that the aquifer extends below sea level. In the case of Figure 1 the
aquifer is confined with the aquifer top being exactly at sea level, which is at
elevation zero.

Defining Boundary Conditions
Under conditions of freshwater and salt water interface flow it is important
to realize that all Dirichlet boundaries (head specified line-sinks, for instance)
should be defined in terms of so-called “freshwater heads.” This means that
the fluid pressure in the aquifer is measured by a column of freshwater in a
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Figure 1: Interface flow option on the Aquifer tab under Model>Settings.
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Figure 2: Setting the “freshwater head” at the coast under (a) unconfined and
(b) confined flow conditions.
piezometer, regardless whether the fluid is fresh or salt water. While this is
usually not an issue, since nearly all streams, lakes etc. will be in contact with
fresh water, special attention must be given to the coast line where the boundary
of the model is formed by salt water; the sea. In Figure 2 the coastal boundary
condition is depicted for (a) the case of unconfined flow and (b) confined flow
conditions. The head φ is measured with respect to mean sea level, which is
assumed to be the local sea level, hence hs = 0. In the left-hand figure, for the
case of unconfined flow, the head at the coast is easy to see: φ0 = 0. For the
case of confined flow, however, the “freshwater head” at the tip of the confining
layer is above sea level, since the freshwater level in a piezometer that measures
the pore pressure just below the clay layer near its tip becomes:
φ0 =

Gs − Gf
(Hs − H)
Gf

(3)

where Hs and H are the elevation of the average sea surface and the elevation
of the aquifer top, respectively, as measured with respect to the aquifer base.
Note: the confining layer may extend underneath the sea, beyond the coastline,
which would result in a head specified boundary that also extends beyond the
coastline and with a (freshwater) head that is above sea level.

Displaying Results
The saturated aquifer thickness (in which freshwater occurs) is reduced in areas
of salt water intrusion. This reduces the aquifer transmissivity and influences the
potentiometric head and groundwater discharge in the aquifer. The presence of
the interface can be visualized by contouring its elevation. In Figure 3 the ”Interface” option has been selected on the Contouring tab of the Model>Settings
menu. Note, this option is only enabled when the ”Add Saltwater Interface”
option on the Aquifer tab has been selected, thus when interface flow is invoked.
The “Minimum Contour” level should be set at the elevation of the aquifer base
to display the tip of the salt water wedge that intrudes into the aquifer. The
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Figure 3:
Selecting the Interface option on the Contouring tab of
Model>Settings.
“Maximum Contour” level should be set to the ”Average Sea Level” as set on
the Aquifer tab, in order to display the interface up to sea level.

False Interface Occurrences
The interface location is determined based on the freshwater head in the aquifer.
If the head is lower than a critical head φt saltwater from the sea may enter the
area, provided the area is connected to the coast by a zone where the head is
everywhere below φt . If on the other hand the head is locally below φt , but is
surrounded by heads that are above φt salt water cannot enter the area. The
critical head φt is the same for confined and unconfined flow and given by:
φt =

Gs
Hs
Gf

(4)

False interfaces may occur near wells in coastal areas, where interface conditions could exist near the well (φ < φt ), but the heads between the well and the
coast may still be larger than φt . GFLOW cannot distinguish between cases of
isolated low heads or areas with low heads that are contiguous with the coast.
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Figure 4: Vertical section over a circular island in the sea. The toe of the
interface intrudes up to a distance rt from the center.
Consequently, GFLOW may display an interface elevation above the aquifer
base in some isolated areas where there is no salt water present.

Examples
Two exact solutions to interface flow, presented by Strack (1976, 1989), have
been solved by use of GFLOW to both illustrate its interface flow option and
validate its performance. The first problem is that of unconfined flow in a circular island surrounded by salt water. The second problem deals with confined
flow toward the coast with a well that causes additional salt water intrusion.

Salt water intrusion into a circular island
A circular island in the sea has a radius R, aquifer base that is Hs below
the average sea level and receives an annual average recharge rate N , see the
vertical section through the center of the island depicted in Figure 4. The salt
water intrusion depends on the aquifer properties, fluid properties and aquifer
recharge rate. The toe of the interface occurs at a distance rt from the center of
the island. The value of rt follows from (Strack, 1989, equation 10.64 on page
112):
s
 2
2k Hs
Gs Gs − Gf
rt = R 1 −
(5)
N
R
Gf
Gf
The problem has been set up in GFLOW by creating a circle of line-sinks
with radius R = 1000 f t and entering a nearly circular recharge are with N =
0.001 f t/day. The aquifer base is set at 10 feet below average sea level, hence
Hs = 10 f t and the aquifer hydraulic conductivity is k = 100 f t/day. The
specific gravities are set at: Gf = 1 and Gs = 1.035. With these data the
distance rt of the toe of the interface can be calculated from (5), which yields:
rt = 524.88 f t.
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Figure 5: GFLOW representation of interface flow in a circular island. The
most inward contour level is -10 and represents the toe of the salt water wedge.
(circular interface.gfl)
In Figure 5 a contour plot of the freshwater and salt water interface is shown.
The location of the ”-10” contour line, which represents the toe of the saltwater
intrusion wedge, occurs at a distance from the center of the island that varies
between slightly below 524 to 524.8 feet, depending on direction. Note, the
line-sink representation of the circle of radius 1000 feet is approximate, which
explains the small discrepancies (< 0.2%). The horizontal line in Figure 5 is a
pathline that starts near the bottom and moves upward along the interface into
the sea.

Salt water encroachment onto a coastal well
A confined aquifer ends at the coastline. The top of the aquifer is at the same
elevation as the average sea level, hence H = Hs , see Figure 6. The aquifer
has an ambient flow that is uniform with discharge rate Qx0 f t2 /day and is
directed toward the coast, hence Qx0 < 0. A well with discharge rate Q f t3 /day
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Figure 6: Vertical section over a confined aquifer with a uniform flow to the coast
and a well at a distance d from the coast. The salt sea water is encroaching
onto the well.
is located at a distance d from the coastline. The aquifer hydraulic conductivity
is k f t/day. The pumping well causes the salt water wedge to move into the
direction of the well. In the case of Figure 6 the heads near the well are below
the head φt at the toe of the salt water wedge, but the heads just to the right
of the toe are still above φt . Consequently, the dashed interface near the well
is fictitious since no salt water from the sea can reach the well. Strack (1989)
presents the conditions for which the salt water encroachment is critical, that is
when the real interface to the left meets the fictitious interface around the well
(Strack, 1989 pages 103 - 107). This meeting point occurs at a distance xs from
the coastline, where
r
µ
(6)
xs = d 1 −
π
where µ is defined as
µ=−

Q
dQx0

(7)

whereby the parameters in (7) are such that the critical salt water encroachment
occurs. This critical combination of parameters is given by:
p
r
µ µ 1 − 1 − µ/π
p
λc = 2 1 − + ln
(8)
π π 1 + 1 − µ/π
where λc is defined as
λc = −

kH 2 Gs − Gf
dQx0
Gf

(9)

Note, since Qx0 is negative both µ and λc are positive quantities.
In Figure 7 the problem has been reproduced in GFLOW. A uniform flow
field has been introduced with a specified head at the origin, which is located
on the coastline. The aquifer has a thickness H = 50 f t and a hydraulic
conductivity of k = 100 f t/day. The top of the aquifer is at the average sea
level (msl), hence the salt water level Hs = 50 f t measured above the aquifer
base. The (freshwater) head at the coast is φ0 = 0 f t. The uniform flow is
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Figure 7: Contours of the interface elevation for the critical case that the well
just does not pump salt water from the coast. (coastal interface with well.gfl)
Qx0 = −10 f t2 /day. The well is located at a distance d = 875 f t from the
coastline, while the equipotential condition along the coastline is maintained by
use of an image recharge well. The discharge of the well is Q = 7670 f t3 /day.
These parameters result in the interface position as shown in Figure 7, which
is (approximately) critical. This is seen as follows. With (7) we find that
µ = 0.87657. With (9) we find that λc = 1.00, while with (8) we find that
λc = 0.9990, which is nearly the same. From (6) we find that xs = 742.96,
which is the approximate location of the meeting point in the GFLOW solution
(Figure 7).
Note, the GFLOW solution shows interface elevations above the aquifer base
(> −50) near the well, while there is no real connection of that domain with
the real zone of salt water intrusion to the left; the interface near the well is a
”false interface”. A slightly higher pumping rate, however, will connect the two
interfaces over a small zone and allow salt sea water to move into the area of
the well. Under those circumstances the interface is real.
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Figure 8: Interface location inside the 3D flow zone around a partially penetrating well.

Interface Elevation near a Partially Penetrating
Well
The interface flow described above is strictly limited to Dupuit-Forchheimer
models in which resistance to vertical flow is ignored. Consequently, the interface
elevation in GFLOW is not valid when evaluated near a partially penetrating
well, that is when the check box ”Use 3-D Partially Penetrating Function” on
the 3-D Geometry tab of the Well Properties dialog window is checked. The
term ”near” a partially penetrating well refers to the circular domain around
the well in which vertical flow cannot not be ignored. For isotropic aquifers this
zone extends one to two aquifer thicknesses out from the well axis, see Haitjema
(1995) section 5.3.4. The interface elevation reported by GFLOW in that 3D
flow domain is arbitrary and should be ignored.
While a fully three dimensional model of interface flow is needed to obtain
an accurate interface position, it is possible to estimate the interface position in
the 3D flow zone by use of a simple approximate technique proposed by Muskat
(1937) and discussed in detail by Bear (1979). The idea is to estimate the
steady state interface position by use of the Badon Ghyben Herzberg relationship (Badon Ghyben, 1888 and Herzberg, 1901) as stated in equation (1). The
concept may be applied to calculate the difference in interface rise between two
points along the interface. This is illustrated in Figure 8, where the interface
inside the 3D flow zone around the well is depicted. The interface position at
the boundary of the 3D zone, at a distance R from the well, is obtained from
the Dupuit-Forchheimer model GFLOW. The interface rise ∆Z inside the 3D
zone, at a distance r from the well, follows from the Badon Ghyben Herzberg
relation:
Gf
(φR − φr )
(10)
∆Z =
Gs − Gf
The evaluation of (10) is hampered by the fact that φr must be known at the
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a priory unknown interface. Muskat (1937) proposed, as an approximation, to
evaluate φr at the initial interface elevation, see Figure 8. This approximation
seems acceptable for small interface rises ∆Z. Bear (1979) suggests to limit
∆Z to 1/3 of the distance between the initial interface and the bottom of the
partially penetrating well. To evaluate ∆Z by use of GFLOW the following
procedure may be adopted.
1. Solve the regional interface flow problem with GFLOW, using a fully penetrating well with the same discharge as the actual partially penetrating
well.
2. Determine the interface elevation ZR and head φR at apdistance R from
the well. The distance R should not be smaller than kh /kv H, where
kh is the horizontal hydraulic conductivity in the fresh water domain, kv
is the vertical hydraulic conductivity in the fresh water domain, and H
is the thickness of the fresh water zone at the distance R from the well.
The interface elevation may be found in GFLOW by use of the ”Instant
Inspector.” Place the cursor at the point in question and hold down the
Shift key while left-clicking the mouse. A data box will appear on which
both the head and the interface elevation are reported.
3. Create a new local GFLOW model with a partially penetrating well at the
point (0,0) and a uniform flow feature at the point (R,0). The uniform
flow head should be set to φR and a zero gradient and zero direction
√ of
flow should be entered. Set the aquifer hydraulic conductivity at kh kv
and setpthe aquifer base at elevation ZR . The aquifer thickness should be
set at kh /kv times the thickness H of the fresh water zone at distance
R from the well. In case the vertical conductivity kv is smaller than the
horizontal conductivity kh this implies that the fresh water lens thickness
in the local GFLOW model will be thicker than in the Dupuit-Forchheimer
model. When defining the partially penetrating well make sure that the
well screen location is adjusted to this scaled aquifer thickness, which
means that the distances from the aquifer top to the p
top and bottom of
the well screen should both be scaled by the factor of kh /kv .
4. Run the model and calculate the head φr at the desired distance r from
the well axis and at the aquifer base (elevation ZR ). You may do so
by use of the ”Instant Inspector” following the procedure for finding φR
and ZR in the regional GFLOW model. Make sure that the elevation is
set at the aquifer base, see Tools>Instant Inspector Settings.. (uncheck
”Inspect at top of saturated thickness” and enter the value for ZR in the
box ”Inspection Elevation.”)
5. Calculate the interface uprise in the local model from (10). The interface
location is then: Z = ZR + ∆Z.
The interface elevation may be evaluated underneath the partially penetrating well by calculating φr at the well location (0,0). As stated before, this
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approach should not be used when the interface uprise ∆Z exceeds 1/3 of the
distance between the bottom of the well and elevation ZR where the head φr is
calculated. In general, of course, the accuracy of the interface uprise calculated
from (10) decreases with increasing values of ∆Z.

Implementation Details
Interface flow is implemented in GFLOW using the discharge potential formulation proposed by Strack (1976, 1989).

Converting heads to potentials
The solver GFLOW1.EXE uses the function ”rfpoth” to convert the potentiometric head φ, as measured with respect to the aquifer base, into a discharge
potential Φ. In the event interface flow is anticipated the following conversion
formulas are being used. For the case of confined flow:
Φ = kHφ − 12 kH 2
Φ = 12 kαc (φ +

φ ≥ H and φ ≥ φt

βc 2
) + Cci
αc

with

φ ≥ H and φ < φt

f2
f1
βc = −f2 Hs + H
αc =

(12)

(13)
(14)

Cci = kf1 HHs − kf1 H
1
2

(11)

2

(15)

where f1 and f2 are defined as:
f1 =

Gs
Gf

(16)

Gs
(17)
Gs − Gf
The head φt is the head at the toe of the salt water wedge and is defined as:
f2 =

φt = f1 Hs

(18)

For the case of unconfined flow:
Φ = 12 kφ2
Φ = 12 kαu (φ +

φ < H and φ ≥ φt

βu 2
) + Cui
αu

φ < H and φ < φt

(19)
(20)

with
αu = f2

(21)

βu = −f2 Hs

(22)

Cui =

1
2

kf1 Hs2
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(23)

Converting potentials to heads
The solver uses the function ”rfhfp” to convert the discharge potential Φ into
the potentiometric head φ as measured with respect to the aquifer base. In the
event interface flow is anticipated the following conversion formulas are being
used. For the case of confined flow:
φ=
s
φ=

Φ + 12 kh2
kH

Φ ≥ Φct

2(Φ − Cci ) βc
−
kαc
αc

φ=

Cci < Φ < Φct

−βc
αc

1
2

kH 2 ≤ Φ ≤ Cci

(24)

(25)
(26)

with
Φct = kf1 HHs − 21 kH 2
For the case of unconfined flow:
r
2Φ
φ=
k
s
2(Φ − Cui ) βu
φ=
−
kαu
αu
φ=

Φct < Φ < 21 kH 2

Cui ≤ Φ ≤ Φct

−βu
αu

Φ < Cui

(27)

(28)

(29)
(30)

with
Φct = 12 k(f1 Hs )2

(31)

Interface elevation
In the event an interface is anticipated its elevation Zi follows from (see Strack
1989, equation 10.20):
f2
Zi = f2 Hs − φ
(32)
f1
An interface occurs in the aquifer if the value of Zi exceeds the aquifer base.
Interface elevations above sea level have no meaning in GFLOW, since for that
case the freshwater head would be below sea level and no fresh water would
be present. Consequently, when contouring the interface elevation in GFLOW
the minimum and maximum contour levels are best selected as the aquifer base
elevation and average sea level, respectively.
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Vertical flow and particle tracking
In the event that an interface is present above the aquifer base the vertical
specific discharge component q3 is calculated as follows. For confined flow conditions:
! f2 2
f2 2
X3 f1 Qs
f Qs
+N + 1 2
Zi > b and φ ≥ H
(33)
q3 = −
2
h
kh
kh
For unconfined flow conditions:
 f2 2

X3 f2 Q2s
f Qs
q3 = −
+N + 1 2
2
h
kh
kh

Zi > b and φ < H

(34)

where b is the elevation of the aquifer base. The vertical location X3 is measured
with respect to the interface:
X3 = x3 − Zi

(35)

where x3 is the elevation of the point in question. The saturated aquifer thickness is calculated as the freshwater thickness, hence:
h = H − Zi

φ≥H

(36)

h = φ − Zi

φ<H

(37)

These equations are implemented in the following routines: “sdisch” in the
file gffun.for, “dbqi” in the file dbfun.for and “rfhght” in the file gvserv.for. The
analysis that leads to (33) and (34) is presented in appendix A.
In areas where no interface is present the expressions for q3 are:
q3 = −
and
X3
q3 = −
h



X3
N
h
Q2s
+N
kh2

Zi ≤ b and φ ≥ H

(38)


Zi ≤ b and φ < H

(39)

In all cases it is assumed that there is no leakage through the aquifer base:
Nb = 0, see Haitjema (1995) equation (3.312) on page 143.

Inhomogeneities in the presence of interface flow
There are four situations that may occur at a collocation point of an inhomogeneity boundary, which are illustrated in Figure 9 as cases 1 through 4:
Case 1: The interface elevation Zi is below both the inside and outside aquifer base,
bi and and bo , respectively (see Figure 9). Under these circumstances the
potentials without interface flow are in use and the jump condition in the
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Figure 9: Four cases of interface flow at a discontinuity in aquifer hydraulic
conductivity and aquifer base elevation.
potential is described in the document ”Theory of Modeling Inhomogeneity Domains in GFLOW1” by Henk Haitjema, equation 8 or 9:
s=

Ti − To
Φi + 12 To (bo − bi )
Ti

(Zi ≤ bi , Zi ≤ bo )

(40)

or

Ti − To
Φo + 12 Ti (bo − bi )
(Zi ≤ bi , Zi ≤ bo )
(41)
To
where Ti and To are the inside and outside transmissivities, respectively.
Equation (40) expresses the jump in the potential s = Φi − Φo in terms
of the inside potential (at the collocation point), while (41) expresses the
same jump in terms of the outside potential. The potentials Φ are defined
by (11) and (19), for the case of confined flow and unconfined flow, respectively. The inside potential Φi is defined with hydraulic conductivity
ki and aquifer base bi , while similarly the outside potential is defined with
hydraulic conductivity ko and aquifer base bo . For the case of confined
flow the saturated aquifer thickness H is equal to the aquifer top minus
the aquifer base elevation, while for the case of unconfined flow the saturated thickness equals the head φ minus the aquifer base elevation. The
transmissivity Ti or To is calculated as the product of the aquifer hydraulic
conductivity and the saturated aquifer thickness. In GFLOW1 equation
(40) is used.
s=

Case 2: The interface elevation is above both the inside and outside aquifer base,
see Figure 9. Under these circumstances the jump in the potential is given
by:
ki − ko
ko
s=
Φi + Ci − Co
(Zi ≥ bi , Zi ≥ bo )
(42)
ki
ki
or
ki − ko
ki
s=
Φo + Ci − Co
(Zi ≥ bi , Zi ≥ bo )
(43)
ko
ko
where ki and ko are the inside and outside hydraulic conductivity, respectively. The potentials Φ are defined by (12) and (20), for the case of
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confined flow and unconfined flow, respectively. Similarly, the constants
Ci and Co are defined by (15) and (23) for the case of confined and unconfined flow, respectively. The inside potential Φi is defined with hydraulic
conductivity ki and aquifer base bi , while similarly the outside potential is
defined with hydraulic conductivity ko and aquifer base bo . The salt water
elevation Hs is measured with respect to the local aquifer base elevation
(bi or bo ), hence it jumps across an inhomogeneity with bi 6= bo . The
expressions (42) and (43) are found by evaluating s = Φi − Φo , using (12)
or (20). In GFLOW1 equation (42) is used.
Case 3: The interface elevation is below the outside base elevation, but above the
inside base elevation, see Figure 9. Under these circumstances the jump
in the potential may be viewed as the sum of two jumps:
s = ∆Φ1 + ∆Φ2

(44)

where the first jump ∆Φ1 is due to a jump in base elevation from bo to a
hypothetical base elevation equal to the interface elevation Zi , while the
jump ∆Φ2 is due to a jump in the base elevation from Zi to the inside
base elevation bi .
The first jump is envisioned as a jump in both the hydraulic conductivity
(from ko to ki ) and in the base elevation (from bo to Zi ). Since both base
elevations are above or at the interface elevation, the jump ∆Φ1 may be
calculated from (41) after replacing bi by Zi :
∆Φ1 =

Ti∗ − To
Φo + 12 Ti∗ (bo − Zi )
To

(45)

where Ti∗ is calculated with the saturated thickness measured from the
”aquifer base” Zi . Note that the jump ∆Φ1 is expressed in terms of the
outside potential Φo , since the inside potential with aquifer base Zi is
fictitious.
The second jump is envisioned as a jump in the base elevation only, with
the hydraulic conductivity remaining constant at ki . Since both base
elevations are below or at the interface elevations ∆Φ2 follows from (42)
or (43) with ko = ki , which gives:
∆Φ1 = Ci − Co

(46)

Combining (44) through (45) yields for the jump:
s=

Ti∗ − To
Φo + 12 Ti∗ (bo − Zi ) + Ci − Co
To

(47)

However, in GFLOW1 the jump conditions are always expressed in terms
of the inside potential Φi . Expression (47) may be rewritten in terms of
Φi by use of Φo = Φi − s, which leads to:
s=

Ti∗ − To
To
Φi + 12 To (bo − Zi ) + ∗ (Ci − Co )
∗
Ti
Ti

(Zi < bo , Zi > bi )
(48)
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Case 4: The interface elevation is above the outside base elevation, but below the
inside base elevation, see Figure 9. Under these circumstances the jump
in the potential may be viewed as the sum of two jumps:
s = ∆Φ1 + ∆Φ2

(49)

where the first jump ∆Φ1 is due to a jump in base elevation from bo to a
hypothetical base elevation equal to the interface elevation Zi , while the
jump ∆Φ2 is due to a jump in the base elevation from Zi to the inside
base elevation bi .
The first jump is envisioned as a jump in the base elevation only, with
the hydraulic conductivity remaining constant at ko . Since both base
elevations are below or at the interface elevations ∆Φ1 follows from (42)
or (43) with ki = ko , which gives:
∆Φ1 = Ci − Co

(50)

The second jump is envisioned as a jump in both the hydraulic conductivity (from ko to ki ) and in the base elevation (from Zi to bi ). Since both
base elevations are above or at the interface elevation, the jump ∆Φ2 may
be calculated from (40) after replacing bo by Zi :
∆Φ2 =

Ti − To∗
Φi + 21 To∗ (Zi − bi )
Ti

(51)

where To∗ is calculated with the saturated thickness measured from the
”aquifer base” Zi . Note that the jump ∆Φ2 is expressed in terms of the
inside potential Φi , since the outside potential with aquifer base Zi is
fictitious. Combining (49) through (51) yields for the jump:
s=

Ti − To∗
Φi + 21 To∗ (Zi − bi ) + Ci − Co
Ti

(Zi < bi , Zi > bo )

(52)

These jump conditions have been implemented in the routine DBKFAC in the
file DBMAT.FOR of GFLOW1.

Conditions at line-sinks with resistance
The presence of an interface affects the formulation of the Cauchy boundary
condition at line-sinks with a resistance layer as follows. The discharge potential in the presence of an interface is defined by (12) or (20) for confined or
unconfined flow, respectively. Below we write:
Φ = 12 kα(φ +

β 2
) +C
α

(53)

where α, β, and C are defined differently for confined and unconfined flow, see
(13) through (15) and (21) through (23). The Cauchy boundary condition at
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the line-sink collocation point is, see equation (5.61) in Haitjema, 1995 page
237:
c
φa − φs = σ
(54)
w
where φa is the (freshwater) head in the aquifer at the collocation point, φs is
the surface water level in the stream, c is the resistance of the stream bed, w is
the width of the inflow zone (see ”Dealing with Resistance to Flow into Surface
Waters”), and σ is the strenght (sink density) of the line-sink. In GFLOW φa
and φs are converted into discharge potentials, see equation (5.66)in Haitjema,
1995:
kh∗ c
σ
(55)
Φs = Φa −
w
In equation (5.66) h∗ is defined as the average of φa and φs . However, when
applying the potential definition (53) the definition of h∗ becomes:


φa + φs
β
h∗ = α
+
(56)
2
α
where α and β are defined by (13) and (14) for the case of confined flow and by
(21) and (22) for the case of unconfined flow.
This formulation has been implemented in the routines LSMAT and LSKNO
in the file lsmat.for.
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Appendix A
Derivation of q3 in the Presence of an Interface
The analysis expands on the one offered by Strack (1989) on pages 325 through
326. With equation (27.28) in Strack (1989) we write:
X3 = hµ

(57)

where h is the saturated fresh water thickness and where X3 is the elevation
above the interface where q3 is to be calculated, or
X3 = z − Zi

(58)

where z is the vertical coordinate of the point where q3 is to be calculated.
Differentiating X3 into the direction of flow s yields:
dz
dZi
q3
dZi
dX3
=
−
=
−
ds
ds
ds
qs
ds

(59)

where use has been made of dz/ds = (dz/dt)/(ds/dt) = v3 /vs = q3 /qs . Consequently, we may write:
q3
Zi
dµ
dh dZi
dX3
+
=h
+µ
+
=
qs
ds
ds
ds
ds
ds

(60)

where use has been made of (57). Using equation (27.25) from Strack (1989)
and (57) we write for the derivative of µ:
dµ
µN
X3 N
=−
=−
ds
Qs
h Qs

(61)

where Qs is the discharge vector component into the direction of flow (Qn = 0)
and where the leakage Nb through the aquifer bottom has been ignored: Nb = 0.
Combining (60) and (61) yields:


 
X3 dh dZi
X3 N
+
(62)
+
q3 = qs h −
h Qs
h ds
ds
which may be written as, replacing qs by Qs /h,


X3 dh Qs
dZi Qs
q3 =
−N +
h
ds h
ds h

(63)

At this point the analysis differs for confined flow and unconfined flow.
Confined interface flow
The derivative dh/ds becomes:
dh
d
dZi
=
(b + H − Zi ) = −
ds
ds
ds
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(64)

With (32) it follows that:
dZi
f2 dφ
=−
ds
f1 ds

(65)

dh
f2 dφ
=
ds
f1 ds

(66)

so that

Combining (63) with (65) and (66) yields:


X3 f2 dφ Qs
f2 dφ Qs
q3 =
−N −
h f1 ds h
f1 ds h

(67)

The discharge vector component Qs may be written as
Qs = −kh
so that

dφ
ds

(68)

Qs
dφ
=−
ds
kh

(69)

Substituting (69) into (67) yields:

q3 = −

X3
h



f2 Q2s
+N
f1 kh2


+

f2 Q2s
f1 kh2

(70)

Unconfined interface flow
The derivative dh/ds becomes:
dh
d
dφ dZi
=
(φ − Zi ) =
−
ds
ds
ds
ds

(71)

With (65) it follows that:
dφ f2 dφ
dh
dφ
=
+
= f2
ds
ds
f1 ds
ds

(72)

where use has been made of (16) and (17). Combining (63) with (65) and (72)
yields:


X3
dφ Qs
f2 dφ Qs
q3 =
f2
−N −
(73)
h
ds h
f1 ds h
Substituting (69) into (73) yields:
X3
q3 = −
h



Q2
f2 s2 + N
kh
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+

f2 Q2s
f1 kh2

(74)

